Abstract. In this paper, we give some results concerning atomic decompositions for operators on reproducing kernel Hilbert spaces, using frame theory techniques. We provide also generalizations for atomic decompositions of some theorems for reproducing kernel Hilbert spaces. In particular, we obtain atomic decomposition results for operators on Bergman spaces and Fock spaces in a simple manner.
INTRODUCTION
In the following, we present some basic known facts about frames. Frames were introduced by R.J. Duffin and A.C. Schaffer [10] in 1952, in the context of nonharmonic Fourier series. In 1986, frames were brought to life by Daubechies, Grossman and Meyer in the fundamental paper [9] .
We denote by H a separable Hilbert space and by L(H) the space of all linear bounded operators on H. DEFINITION 1 A family of elements {f n } ∞ n=1 ⊂ H is called a frame of H if there exists constants A, B > 0 such that
The constants A, B are called frame bounds.
If just the last inequality in the above definition holds, we say that {f n } ∞ n=1 is a Bessel sequence. and is called the analysis operator. By composing T with its adjoint T * we obtain the frame operator
x, f n f n .
The following Theorem is one of the most important result in frame theory because it gives the reconstruction formula.
n=1 ⊂ H be a frame for H with frame operator S.
Then (i) S is invertible and self-adjoint;
(ii) every x ∈ H can be represented as
For basic results on frame theory see the references [1] , [3] , [4] , [8] , [12] , [13] , [15] .
The results in this paper are organized as follows. In Section 2, we recall the definition of an atomic system for operators and we complete a Theorem for the characterization of these systems, considered for the first time by the author in [7] . We rewrite this Theorem for a reproducing kernel Hilbert space. In Section 3 of this paper, we present some basic known facts about Bergman spaces, we give the atomic decomposition result for this case, for the standard weighted Bergman spaces and for Bergman spaces with Békollé-Bonami weights. In the last section of the paper, we give an atomic decomposition result for operators in Fock spaces.
ATOMIC DECOMPOSITIONS FOR OPERATORS
The first atomic decompositions results for holomorphic functions in Lebesgue spaces were obtained in 1980 by R.R. Coifman and R. Rochberg [5] .
Let H be a separable Hilbert space and {f n } ∞ n=1 ⊂ H.
is an atomic system for L if the following statements hold (i) the series n c n f n converges for all c = (c n ) ∈ l 2 ;
(ii) there exists C > 0 such that for every x ∈ H there exists a x = (a n ) ∈ l 2 such that a x l 2 ≤ C x and Lx = n a n f n .
REMARK 1
The condition (i) in Definition 2 actually says that {f n } ∞ n=1 is a Bessel sequence. (see Corollary 3.2.4 
in [3])
The above definition and the following main result (Theorem 3) presents a generalization of the concept of frames. The particular case of orthogonal projections was considered by H.G. Feichtinger and T. Werther [11] .
The following Theorem for the existence of the atomic systems for an operator was proved in [7] .
THEOREM 2 Let H be a separable Hilbert space and L ∈ L(H). Then L has an atomic system.
In the following Theorem, we present a characterization for atomic systems. 
is a Bessel sequence and there exists a Bessel sequence
Proof. (i) ⇐⇒ (ii) ⇐⇒ (iii) were proved in [7] (iv) =⇒ (ii) Using Cauchy-Schwartz inequality, we have:
and from here we get 1
is a Bessel sequence). From [3] we have that there exists B > 0 such that
x, g n f n .
For any y ∈ H we have
which implies
We consider now the reproducing kernel Hilbert space (H, K), with the kernel
where Ω is a given nonempty set.
We recall that a reproducing kernel Hilbert space (H, K) is a Hilbert space H of functions on Ω such that for every λ, K λ belongs to H and for every λ ∈ Ω and every f ∈ H, f (λ) = f, K λ .
Let Λ = {λ n } ∞ n=1 ⊂ Ω be a subset of points with λ n = λ m , for n = m. In this case, with f n = K λn K λn , n = 1, 2, . . ., we rewrite Theorem 3 as follows:
The following statements are equivalent
is an atomic system for L i.e.
• the series
converges for all {c n } ∈ l 2 ; and
(ii) there exists A, B > 0 such that
DEFINITION 4
We say that a sequence of distinct points {λ n } ∞ n=1 in Ω is a sampling sequence for L if there exists two positive constants A, B such that
In the case when L is the identity operator, we have the notion of sampling sequence for H. The normalized kernel is given by the following relation:
REMARK 2 The relation (ii) in Theorem 4 is equivalent with the fact that
is a frame for L:
ATOMIC DECOMPOSITIONS FOR OPERATORS IN BERGMAN SPACES
Let C be the complex plane and let D = {z ∈ C : |z| < 1} be the open unit disk in C. We denote by dA(z) the area measure on D, normalized such that the area measure on D is 1 :
The Bergman space L 2 a (sometimes denoted by A 2 ) is the subset of L 2 (D) consisting of analytic functions. L 2 a is a reproducing kernel Hilbert space, with reproducing kernel :
and normalized kernel
For a detailed account results of atomic decompositions for the identity operator on Bergman spaces see [19] .
Then, from Theorem 4, we obtain the following Corollary:
a for all {c n } ∈ l 2 ; and
• there exists a positive constant C such that for every f ∈ H there exists a f = (a n ) ∈ l 2 such that a f l 2 ≤ C f and
(ii) there exists A, B > 0 such that {λ n } ∞ n=1 is a sampling sequence for L; i.e. there exists two positive constants A, B such that
is a Bessel sequence and there exists a Bessel sequence {g n } ∞ n=1 such that
such that
More general, for η > −1 let dA η be the area measure on D,
Then L 2 a (dA η ) is a RKHS with reproducing kernel
and normalized reproducing kernel
{c n } ∈ l 2 ; and
• there exists C > 0 such that for every f ∈ H there exists
REMARK 3
The above Corollary is a generalization of some results in [18] .
For η > −1 the class B 2 (η) consists of weights ω with the property that there exists a constant c > 0 such that
for any Carleson square:
The weights ω considered here are called Békollé weights.
In the following, we consider α ∈ (0, 1), η > −1 and
a (ω) is a reproducing kernel Hilbert space. We denote by
the reproducing kernel of this space.
In [6] , O. Constantin gave the following estimation for the norm of Bergman kernel K η,ω λ :
By ∼ we mean that the involved constants are independent of λ ∈ D. (For two real valued functions E 1 , E 2 we write E 1 ∼ E 2 if there there exists a positive constant c independent of the argument such that 1 c E 1 ≤ E 2 ≤ cE 1 ).
Then the following statements are equivalent
is an atomic system for L, i.e.
converges in L 2 a (ω) for all {c n } ∈ l 2 ; and • there exists C > 0 such that for every f ∈ H there exists a f = (a n ) ∈ l 2 such that a f l 2 ≤ C f
ωdA < ∞ and there exists a Bessel sequence {g n } ∞ n=1 such that
The above Corollary provides a generalization of Theorem 2.3 in [2] . Also, our proof is more simple, with a different technique.
ATOMIC DECOMPOSITIONS FOR OPERATORS IN FOCK SPACES
Let dA(z) be the usual Lebesgue measure on C. For α > 0, dA α (z) is defined as follows dA α (z) = α π e −α|z| 2 dA(z).
The Fock space F 2 α is the space of all entire functions f on C for which 
) .
For details on Fock spaces see the book of K. Zhu [20] . See also [17] . Atomic decompositions for the identity operator on Fock spaces were obtained in [14] .
The following are equivalent
• the series ) converges in F 2 α for all {c n } ∈ l 2 ; and
• there exists C > 0 such that for every f ∈ H there exists a f = (a n ) ∈ l 2 such that a f l 2 ≤ C f and Lf (z) = 
REMARK 4
The above Corollary is a generalization of some results in [16] .
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